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SETTING THE STAGE

Lie algebra

Locally convex space

Continuous linear
endomorphisms
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UNIVERSAL ENVELOPE

Universal Enveloping algebra

U(g)
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UNIVERSAL ENVELOPE

Universal Enveloping algebra

U(g) = T(9)/(xRy —y®x —[x,y]: x,y € g)
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Universal Enveloping algebra

U(g) = T(g)/(x®y —y R x —[x,y]: x,y € g)
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UNIVERSAL ENVELOPE

Universal Enveloping algebra
U(g) = T(g)/(xRy —yRx—[x,y]: x,y € g)
is a Hopf algebra (U(g),X,n, A€, S) with
Ax)=x®1+1® x

and
e(x)=0 aswellas  S(x)=—x

for all x € g = U'(g).
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A VS. LEIBNIZ

Let V = (2, i) be an algebra.
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A VS. LEIBNIZ

Let V = (2, 1) be an algebra. Notice that A encodes the
Leibniz rule

o(x) o p=poo(A(x)),
where A(x) acts on A ® 2 diagonally and o(1) = idy.
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A VS. LEIBNIZ

Let V = (2, 1) be an algebra. Notice that A encodes the
Leibniz rule

o(x) o = o o(A(x)),
where A(x) acts on 2 ® 2 diagonally and o(1) = idy. By
induction,

o(Z)opu=po Q(A(E)) for all = € U(g).

2
TUDelft

1cHAEL Heins (TU Delft) CONVERGE I ATIONS 29.04.2026
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Let V = (2, 1) be an algebra. Notice that A encodes the
Leibniz rule

o(x) o = o o(A(x)),
where A(x) acts on 2 ® 2 diagonally and o(1) = idy. By
induction,

o(Z)opu=po Q(A(E)) for all = € U(g).
Indeed,

o(xa) -+ o(xn) o = o(x1) - - - 0(xa-1) © p1 0 0(A(xn))
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A VS. LEIBNIZ

Let V = (2, 1) be an algebra. Notice that A encodes the
Leibniz rule

o(x) o = o o(A(x)),
where A(x) acts on 2 ® 2 diagonally and o(1) = idy. By
induction,

o(Z)opu=po Q(A(E)) for all = € U(g).
Indeed,

o(xa) -+ o(xn) o = o(x1) - - - 0(xa-1) © p1 0 0(A(xn))
= J1 0 Q(A(Xl .. -Xn_l)) o Q(A(Xn))
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A VS. LEIBNIZ

Let V = (2, 1) be an algebra. Notice that A encodes the
Leibniz rule

o(x) o = o o(A(x)),
where A(x) acts on 2 ® 2 diagonally and o(1) = idy. By
induction,

o(Z) o= poo(A(Z)) for all = € U(g).
Indeed,
o(xa) -+ o(xn) o = o(x1) - - - 0(xa-1) © p1 0 0(A(xn))

= o Q(A(Xl . 'Xn—l)) ° Q(A(Xn))
RS}
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DRINFELD TWISTS

Drinfeld Twist F is

F:1®1+§:h"-Fne (U(e) ® U(a))[7]

n=1
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DRINFELD TWISTS

Drinfeld Twist F is

F:1®1+§:h"-Fne (U(e) ® U(a))[7]

n=1

such that

(FRIDXK(A®id)(F)=(1® F)X (id®A)(F)
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DRINFELD TWISTS

Drinfeld Twist F is

F:1®1+§:h"-Fne (U(e) ® U(a))[7]

n=1

such that

(FRIDXK(A®id)(F)=(1® F)X (id®A)(F)

and
(e®id)F =1 = (id ®¢)F.
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to...
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to...
o Algebra morphism ¢: U(g) — L(V).
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to...
o Algebra morphism ¢: U(g) — L(V).
o Diagonally to algebra morphism

¢: U(g) ® U(g) — L(V) @ L(V)
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to...
o Algebra morphism ¢: U(g) — L(V).
o Diagonally to algebra morphism

¢: U(g) ® U(g) — L(V) @ L(V)

o C[A]-linearly to
o: (U(g) ® U(g)) [1] — (L(V) ® L(V))[A].
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to...
o Algebra morphism ¢: U(g) — L(V).
o Diagonally to algebra morphism

¢: U(g) ® U(g) — L(V) @ L(V)

o C[A]-linearly to
o: (U(g) ® U(g)) [1] — (L(V) ® L(V))[A].

o Finally,
L(V)[R] ®@ep LIV)A] = (L(V) @ L(V))[7].
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ACTION OF THE TWIST

Lift Lie algebra representation o: g — L(V) to
o Algebra morphism ¢: U(g) — L(V).
o Diagonally to algebra morphism

¢: U(g) ® U(g) — L(V) @ L(V)

o C[A]-linearly to
o: (U(g) ® U(g)) [1] — (L(V) ® L(V))[A].

o Finally,
L(V)[A] ®epy L(V)[A] = ( (V) @ L(V))[A].
Get actlon of F, denoted by Fr> - Fupe
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UNIVERSAL DEFORMATION FORMULA

Theorem (Drinfeld '83)

Let o: g — Der(2A) be a Lie algebra representation by
derivations of a unital associative algebra (2, i, n)
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UNIVERSAL DEFORMATION FORMULA

Theorem (Drinfeld '83)

Let o: g — Der(2A) be a Lie algebra representation by

derivations of a unital associative algebra (2, u,m) and F a
Drinfeld twist of g.
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UNIVERSAL DEFORMATION FORMULA

Theorem (Drinfeld '83)

Let o: g — Der(2A) be a Lie algebra representation by
derivations of a unital associative algebra (2, u,m) and F a
Drinfeld twist of g. Then

axr b= p(Fr(a®@cpy b)) for all a, b € A[R]

endows U[[h] with the structure of a associative algebra
with unit 7).
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UNIVERSAL DEFORMATION FORMULA

Theorem (Drinfeld '83)

Let o: g — Der(2A) be a Lie algebra representation by
derivations of a unital associative algebra (2, u,m) and F a
Drinfeld twist of g. Then

axr b= p(Fr(a®@cpy b)) for all a, b € A[R]

endows U[[h] with the structure of a associative algebra
with unit 7).

Upshot: One twist works for every representation!
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UNIVERSAL DEFORMATION FORMULA

o May easily be generalized to modules!
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UNIVERSAL DEFORMATION FORMULA

o May easily be generalized to modules!
o Consider g-triples (V, W, X), i.e. three representations
(ov, ow, ox) of g with a linear mapping

wVeWwW —X.
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UNIVERSAL DEFORMATION FORMULA

o May easily be generalized to modules!
o Consider g-triples (V, W, X), i.e. three representations
(ov, ow, ox) of g with a linear mapping

wVeWwW —X.

o Continuous g-triple if p is continuous w.r.t. projective
tensor product.
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UNIVERSAL DEFORMATION FORMULA

o May easily be generalized to modules!
o Consider g-triples (V, W, X), i.e. three representations
(ov, ow, ox) of g with a linear mapping

wVeWwW —X.

o Continuous g-triple if p is continuous w.r.t. projective
tensor product.

o Equivariant g-triple if
Ebpu(vw)=pulErveow)+ ulve s w)

forallé eg,veVand we W.
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MORPHISMS

Definition (Morphisms)

A morphism between a g-triple and a g-triple

w VoW —X and ﬁ\7®/V|7—>)?
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MORPHISMS

Definition (Morphisms)

A morphism between a g-triple and a g-triple
w:VeWwW —X and ﬁV@W—))?
is a triple T = (Tyv, Tw, Tx) of linear mappings

TV:V—>\7, TW:W—)W, TxiX—)X
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MORPHISMS

Definition (Morphisms)

A morphism between a g-triple and a g-triple
w:VeW —X and ﬁV@W—))?
is a triple T = (Tyv, Tw, Tx) of linear mappings
Ty:V — \7, Tw: WHW, TX:X—>X
such that
Tx(p(v@ w)) =a(Tvv ® Tww)

forallve Vand we W.
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UNIVERSAL CO-DEFORMATION FORMULA

If (C, A, €) is coassociative counital coalgebra and
0: g — CoDer(C)

is a Lie algebra representation by co-derivations of C, then

setting
AF = Q(F) oA

yields a coassociative coproduct on C[A] with counit 7.
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A GERSTENHABER

Let g be abelian and r € g® g.
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A LA GERSTENHABER

Let g be abelian and r € g® g. Then

constitutes a Drinfeld twist.
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A LA GERSTENHABER

Let g be abelian and r € g® g. Then
(o9} hn .
F:zl(@l—l—zlmwg = exp(hir)

constitutes a Drinfeld twist.

The only term containing 1 is 1 ® 1, which occurs precisely once.
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A LA GERSTENHABER

Let g be abelian and r € g® g. Then
(o9} hn .
F:zl(@l—l—zlmwg = exp(hir)

constitutes a Drinfeld twist.

The only term containing 1 is 1 ® 1, which occurs precisely once.
Moreover,

(A®id)(F) X (F® 1) =exp((A ®id)(hr)) Kexp(hr ® 1).
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A LA GERSTENHABER

Let g be abelian and r € g® g. Then
(o9} hn .
F:zl(@l—l—zlmwg = exp(hir)

constitutes a Drinfeld twist.

The only term containing 1 is 1 ® 1, which occurs precisely once.
Moreover,

(A®id)(F) X (F® 1) =exp((A ®id)(hr)) Kexp(hr ® 1).
As g is abelian, we thus have to check

(ARid)(r)+r®1=(1dRA)r)+1xr.
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A LA GERSTENHABER

Let g be abelian and r € g® g. Then
(o9} hn .
F:zl(@l—l—zlmwg = exp(hir)

constitutes a Drinfeld twist.

The only term containing 1 is 1 ® 1, which occurs precisely once.
Moreover,

(A®id)(F) X (F® 1) =exp((A ®id)(hr)) Kexp(hr ® 1).
As g is abelian, we thus have to check

(ARid)(r)+r®1=(1dRA)r)+1xr.

fr=n®m, then(ARid)(r) =101 n+n®1K n. O}
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GIAQUINTO-ZHANG: ax + b

Let g = span{H, E} with [H, E] = E. We write
Hi =H-(H+1)---(H+k—1)
with k € N C € = U%g).
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GIAQUINTO-ZHANG: ax + b

Let g = span{H, E} with [H, E] = E. We write
Hi =H-(H+1)---(H+k—1)

with k € N C € = U%g).

Theorem (Giaquinto-Zhang '98)

A Drinfeld twist of g is given by

o0 h”
F:1®1+§:m~ﬁ
n=1
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GIAQUINTO-ZHANG: ax + b

Let g = span{H, E} with [H, E] = E. We write
Hi =H-(H+1)---(H+k—1)
with k € N C € = U%g).

Theorem (Giaquinto-Zhang '98)
A Drinfeld twist of g is given by

o0 h”
F:1®1+§:m~ﬁ
with n=1

n

Foim S0 () (B H)  (EF- Hora)

k=0 )
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TwISTS, STAR PRODUCTS AND r-MATRICES

Theorem (Drinfeld '83, Halbout 2006)

Let g be a Lie algebra with corresponding connected and
simply connected Lie group G.
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Let g be a Lie algebra with corresponding connected and
simply connected Lie group G. Then

Left-invariant star products on G

2
TUDelft
MicHaEL HEeins (TU Delft)

CONVERGENT TwisT DEFORMATIONS

29.04.2026



TwISTS, STAR PRODUCTS AND r-MATRICES

Theorem (Drinfeld '83, Halbout 2006)
Let g be a Lie algebra with corresponding connected and
simply connected Lie group G. Then

Left-invariant star products on G

1:1 . .
& Drinfeld twists
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TwISTS, STAR PRODUCTS AND r-MATRICES

Theorem (Drinfeld '83, Halbout 2006)

Let g be a Lie algebra with corresponding connected and
simply connected Lie group G. Then

Left-invariant star products on G

1:1 . .
& Drinfeld twists

1:1 . . .
& Formal deformations of classical r-matrices

up to equivalence.

2
TUDelft
MicHaEL Heins (TU Delft)

CONVERGENT TwisT DEFORMATIONS

29.04.2026



TwISTS, STAR PRODUCTS AND r-MATRICES

Theorem (Drinfeld '83, Halbout 2006)

Let g be a Lie algebra with corresponding connected and
simply connected Lie group G. Then

Left-invariant star products on G

1:1 . .
& Drinfeld twists

1:1 . . .
& Formal deformations of classical r-matrices

up to equivalence.

. .11 . . .
Classical r-matrix & left-invariant Poisson structure on G.
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TwISTS, STAR PRODUCTS AND r-MATRICES

Theorem (Drinfeld '83, Halbout 2006)

Let g be a Lie algebra with corresponding connected and
simply connected Lie group G. Then

Left-invariant star products on G

1:1 . .
& Drinfeld twists

1:1 . . .
& Formal deformations of classical r-matrices

up to equivalence.

. .11 . . .
Classical r-matrix & left-invariant Poisson structure on G.
Problem: Translation fairly inexplicit.
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Act II: Representation Theory
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LIE CORRESPONDENCE

Naive Lie correspondence: L(V') exponentiates into

GL(V) =L(V)*={LeL(V): L' e L(V)}.
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LIE CORRESPONDENCE

Naive Lie correspondence: L(V') exponentiates into
GL(V) =L(V)*={LeL(V): L' e L(V)}.

Extremely badly behaved group!
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LIE CORRESPONDENCE

Naive Lie correspondence: L(V') exponentiates into
GL(V) =L(V)*={LeL(V): L' e L(V)}.
Extremely badly behaved group! Nevertheless,

o(§)"v
n!

W(expf)v = exp(g(g))v = Z

n=0

for all v € V and £ € g such that the series converges.
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ENTIRE VECTORS

Choose auxiliary norm on g with unit ball B.
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ENTIRE VECTORS

Choose auxiliary norm on g with unit ball B.

Definition (Entire Vectors)

A vector v € V is called entire if

Pra(v)
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ENTIRE VECTORS

Choose auxiliary norm on g with unit ball B.

Definition (Entire Vectors)

A vector v € V is called entire if

X n
r
pra(v) => —- sup q(&--&apv) <oo
o n=0 nl &17"'7$n€B ( ! )

for all r > 0, continuous seminorms q € cs( V).

2
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ENTIRE VECTORS

Choose auxiliary norm on g with unit ball B.

Definition (Entire Vectors)

A vector v € V is called entire if

(e o] n

Pra(v) =D S sup q(ér&npv) <oo

n=0 nl &1?"'75’1618

for all r > 0, continuous seminorms q € cs(V). Write &(p) for the space of
entire vectors and endow it with locally convex topology induced by p, 4.
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ENTIRE VECTORS

Choose auxiliary norm on g with unit ball B.

Definition (Entire Vectors)

A vector v € V is called entire if

(e o] n

pr,q(V)::ZL' sup Q(fl---fnbv)<oo

n=0 nl &17"'75H€B

for all r > 0, continuous seminorms q € cs(V). Write &(p) for the space of
entire vectors and endow it with locally convex topology induced by p, 4.

Theorem (Lie-Taylor formula)

Get group representation m: G — GL(&(p)) via

m(exp €)v = exp(o())v-

y
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UNIVERSAL EXAMPLE

Consider £: g — L(€°°(G)) as left-invariant differential operators.
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UNIVERSAL EXAMPLE

Consider £: g — L(€°°(G)) as left-invariant differential operators.

Theorem (H., 2025)

Let G be a connected Lie group. Then
6(2£) = #(6c)

as Fréchet algebras, where G denotes the universal complexification of G.
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UNIVERSAL EXAMPLE

Consider £: g — L(€°°(G)) as left-invariant differential operators.

Theorem (H., 2025)

Let G be a connected Lie group. Then
6(2£) = #(6c)

as Fréchet algebras, where G denotes the universal complexification of G.

Proposition (Esposito, H., Waldmann 2025)

Let m: G — GL(V)) be a Lie group representation of a connected Lie
group with corresponding o = Tem: g — L(V).
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UNIVERSAL EXAMPLE

Consider £: g — L(€°°(G)) as left-invariant differential operators.

Theorem (H., 2025)

Let G be a connected Lie group. Then
8(£) = #(Ge)

as Fréchet algebras, where G denotes the universal complexification of G.

Proposition (Esposito, H., Waldmann 2025)

Let m: G — GL(V) be a Lie group representation of a connected Lie
group with corresponding o = Tew: g — L(V). Then v € V is entire iff
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UNIVERSAL EXAMPLE

Consider £: g — L(€°°(G)) as left-invariant differential operators.

Theorem (H., 2025)

Let G be a connected Lie group. Then
8(£) = #(Ge)

as Fréchet algebras, where G denotes the universal complexification of G.

Proposition (Esposito, H., Waldmann 2025)

Let m: G — GL(V) be a Lie group representation of a connected Lie
group with corresponding o = Tew: g — L(V). Then v € V is entire iff
Ty, € E(L) for all ¢ € V', where

Tve: G— C, m,(8) = p(r(g)v).

TUDelft
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ANALYTIC VECTORS

Definition (Analytic vectors)

A vector v € V is called analytic with radius of convergence rp > 0 if

(e.9] n

p,7q(v):=zr—- sup q({l---fnbv)<oo

n=0 n! Elr'ﬂ&neﬂg

for all 0 < r < ry and continuous seminorms q € cs( V).

2
TUDelft

MicHaEL HEeins (TU Delft) CONVERGENT TWwIsT DEFORMATIONS 29.04.2026



ANALYTIC VECTORS

Definition (Analytic vectors)

A vector v € V is called analytic with radius of convergence rp > 0 and of
order R > 0 if

pgﬁ)(v)::Zn!R-r—l- sup q(&1---&ppv) < o0

n=0 e §1r'w£neﬂg

for all 0 < r < rp and continuous seminorms ¢ € cs( V).
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ANALYTIC VECTORS

Definition (Analytic vectors)

A vector v € V is called analytic with radius of convergence rp > 0 and of
order R > 0 if

pgﬁ)(v)::Zn!R-r—l- sup q(&1---&ppv) < o0

n=0 e §1r'w£neﬂg

for all 0 < r < rg and continuous seminorms q € cs( V). Write g ., (0).
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ANALYTIC VECTORS

Definition (Analytic vectors)

A vector v € V is called analytic with radius of convergence rp > 0 and of
order R > 0 if

pgﬁ)(v)::Zn!R-r—- sup q(&1---&ppv) < o0

pard nl ¢ cB
for all 0 < r < rg and continuous seminorms q € cs( V). Write g ., (0).
Define

dAr(0) = lim dp (o).
ro>0

Typically non-strict countable inductive limit.
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ANALYTIC VECTORS

Definition (Analytic vectors)

A vector v € V is called analytic with radius of convergence rp > 0 and of
order R > 0 if

pgﬁ)(v)::Zn!R-r—- sup q(&1---&ppv) < o0

pard nl ¢ cB
for all 0 < r < rg and continuous seminorms q € cs( V). Write g ., (0).
Define

dAr(0) = lim dp (o).
ro>0

Typically non-strict countable inductive limit.

We have
Er(0) = lim (o).

3
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FIRST PROPERTIES

If V' is Hausdorff, then so are Er(0), Ar.,(0) and sdr(p).
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FIRST PROPERTIES

If V' is Hausdorff, then so are Er(0), Ar.,(0) and sdr(p).

The representation o restricts to g ,,(0).
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FIRST PROPERTIES

If V' is Hausdorff, then so are Er(0), Ar.,(0) and sdr(p).

The representation o restricts to Ag ,,(0).

The assignment sir ,: Rep — Rep,

(g: g— L(V)) — (g: g— L(gﬂer(Q)))

acting as restriction on continuous intertwiners constitutes
a covariant functor.
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SECOND PROPERTIES

Let V be finite dimensional. Then #1(0) = V.
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SECOND PROPERTIES

Let V be finite dimensional. Then #1(0) = V.

v

Let v € V be such that there exists £ € g with > v = Av
for some \ # 0.
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SECOND PROPERTIES

Let V be finite dimensional. Then #1(0) = V.

v

Let v € V be such that there exists £ € g with > v = Av
for some A # 0. Then v ¢ &1(0).
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SECOND PROPERTIES

Let V be finite dimensional. Then #1(0) = V.
Let v € V be such that there exists £ € g with > v = Av
for some A # 0. Then v ¢ &1(0).

v

Example

Let g be abelian. Then the space Eg(£) is the space of
entire functions on g¢ of complex analytic order at most
1/R.
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Act IlI: Convergent Universal Deformations

ABSTRACT NONSENSE
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DEFORMATION OF ENTIRE VECTORS

Let n: V® W — X be a continuous equivariant g-triple.
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DEFORMATION OF ENTIRE VECTORS

Proposition

Let n: V® W — X be a continuous equivariant g-triple.
Then so is

p: Er(ov) ® Erlow) — Er(0x).

This yields an endofunctor.
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DEFORMATION OF ENTIRE VECTORS

Let F =3 >, h"/n! - F, be a twist and R > 0 with:
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DEFORMATION OF ENTIRE VECTORS

Let F =3 >, h"/n! - F, be a twist and R > 0 with:

Equicontinuity Condition
For every r > 0, qv € cs(V), aw € cs(W) and compact
set K C C
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DEFORMATION OF ENTIRE VECTORS

Let F =3 >, h"/n! - F, be a twist and R > 0 with:

Equicontinuity Condition

For every r > 0, qv € cs(V), aw € cs(W) and compact
set K C C there exist q\, € cs(V), qy, € cs(W) and
t, C > 0 with
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DEFORMATION OF ENTIRE VECTORS

Let F =3 >, h"/n! - F, be a twist and R > 0 with:

Equicontinuity Condition

For every r > 0, qv € cs(V), aw € cs(W) and compact
set K C C there exist q\, € cs(V), qy, € cs(W) and
t, C > 0 with

hn
(b4, @ %)) (ﬁ Fop (v w)) <
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DEFORMATION OF ENTIRE VECTORS

Let F =3 >, h"/n! - F, be a twist and R > 0 with:

Equicontinuity Condition

For every r > 0, qv € cs(V), aw € cs(W) and compact
set K C C there exist q\, € cs(V), qy, € cs(W) and
t, C > 0 with

h" R
(4 @0) (FFro(vow)) < oD ()54 (o

for all v € Eg(ov), w € Er(ow), A € K and n € Ny.
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UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let u: V@ W — X be a continuous equivariant g-triple
and assume the equicontinuity condition.
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UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let u: V@ W — X be a continuous equivariant g-triple
and assume the equicontinuity condition. Then

*xr=poo(F): 6rlov) ® Er(ow) — Er(ox)

constitutes a continuous g-triple
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UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let u: V@ W — X be a continuous equivariant g-triple
and assume the equicontinuity condition. Then

*xr=poo(F): 6rlov) ® Er(ow) — Er(ox)

constitutes a continuous g-triple and the dependence on h
is Fréchet holomorphic.
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UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let u: V@ W — X be a continuous equivariant g-triple
and assume the equicontinuity condition. Then

*xr=poo(F): 6rlov) ® Er(ow) — Er(ox)

constitutes a continuous g-triple and the dependence on h
is Fréchet holomorphic. Yields functor

Dp: emTriple; — cTriple,.
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UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let u: V@ W — X be a continuous equivariant g-triple
and assume the equicontinuity condition. Then

*xr=poo(F): 6rlov) ® Er(ow) — Er(ox)

constitutes a continuous g-triple and the dependence on h
is Fréchet holomorphic. Yields functor

Dp: emTriple; — cTriple,.

Similar statement for separate continuity and analytic
vectors.
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FULLY REDUCED INDUCTIVE SYSTEMS

We call an inductive system

V:Ii_m>Va

acd

fully reduced if the connecting maps are set inclusions.
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FULLY REDUCED INDUCTIVE SYSTEMS

We call an inductive system

V:Ii_m>Va

acd

fully reduced if the connecting maps are set inclusions. In

this case,
V=]V

aed
as vector Spaces.
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EVERYONE IS AN INDUCTIVE LIMIT!

Definition (Inductive)

A g-triple .is called inductive if V = Il_rg Va, W = Il_m> W
and X = I|_m>X7 are fully reduced inductive systems such
that:

2
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EVERYONE IS AN INDUCTIVE LIMIT!

Definition (Inductive)
A g-triple .is called inductive if V = Il_rg Va, W = Il_m> W
and X = I|_m>X7 are fully reduced inductive systems such
that:
o For every a € Jy, B € Jyy there exists a v € Jx such
that
p: Vo ® Wg — X,

is well-defined and continuous.
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EVERYONE IS AN INDUCTIVE LIMIT!

Definition (Inductive)
A g-triple .is called inductive if V = Il_rg Va, W = Il_m> W
and X = I|_m>X7 are fully reduced inductive systems such
that:
o For every a € Jy, B € Jyy there exists a v € Jx such
that
p: Vo ® Wg — X,
is well-defined and continuous.
e Each Z, is oz-invariant for Z =V, W, X.
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EVERYONE IS AN INDUCTIVE LIMIT!

Definition (Inductive)
A g-triple .is called inductive if V = Il_rg Va, W = Il_m> W
and X = I|_m>X7 are fully reduced inductive systems such
that:
o For every a € Jy, B € Jyy there exists a v € Jx such
that

p: Vo ® Wg — X,

is well-defined and continuous.
e Each Z, is oz-invariant for Z =V, W, X.

This implies the separate continuity of i: V@ W — X.

29.04.2026
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GUIDING EXAMPLE

Let M be a smooth manifold,

V i=€>(M)
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GUIDING EXAMPLE

Let M be a smooth manifold,

V=%6*(M) and W =€X(M)= X
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GUIDING EXAMPLE

Let M be a smooth manifold,
V=%6*(M) and W =€X(M)= X

with p being the module-multiplication.
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GUIDING EXAMPLE

Let M be a smooth manifold,
V=%6*(M) and W =€X(M)= X

with p being the module-multiplication.

e Then p is not continuous in general, but its restrictions
s € (M) @ 6 (M) — 65 (M)

for compact sets K C M are.
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GUIDING EXAMPLE

Let M be a smooth manifold,
V=%6*(M) and W =€X(M)= X

with p being the module-multiplication.

e Then p is not continuous in general, but its restrictions
s € (M) @ 6 (M) — 65 (M)

for compact sets K C M are.

o Representations by differential operators leave 63°(M)
invariant!
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ANALYTIC VECTORS FOR INDUCTIVE LIMITS

Definition (Analytic Vectors II)

If V is a fully reduced inductive system, then we define its
space of analytic vectors as

SﬂR(Q) = ||_> SﬂR,ro(QaL

a€cd,rp>0

where g, = Q‘V :
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ANALYTIC VECTORS FOR INDUCTIVE LIMITS

Definition (Analytic Vectors II)

If V is a fully reduced inductive system, then we define its
space of analytic vectors as

SﬂR(Q) = ||_> SﬂR,ro(Qa%

a€cd,rp>0

where g, = g!v :

If the limit is strict, then this agrees with both iterative
ways of taking inductive limits.
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MORE UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let i: V@ W — X be an inductive equivariant g-triple
and assume the altered equicontinuity condition.
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MORE UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let i: V@ W — X be an inductive equivariant g-triple
and assume the altered equicontinuity condition. Then

*xr=poo(F): dr(ov) ® Ar(ow) — Ar(0x)

constitutes an inductive g-triple
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MORE UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let i: V@ W — X be an inductive equivariant g-triple
and assume the altered equicontinuity condition. Then

*xr=poo(F): dr(ov) ® Ar(ow) — Ar(0x)

constitutes an inductive g-triple and the dependence on h is
Fréchet holomorphic.
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MORE UNIVERSAL DEFORMATION

Theorem (Esposito, H., Waldmann, 2026)

Let i: V@ W — X be an inductive equivariant g-triple
and assume the altered equicontinuity condition. Then

*xr=poo(F): dr(ov) ® Ar(ow) — Ar(0x)

constitutes an inductive g-triple and the dependence on h is
Fréchet holomorphic. Yields functor

Dy imTriple; — iTriple,.
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Act IV: Convergent Universal Deformations

CONCRETE CONSIDERATIONS
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EQUICONTINUITY

Proposition (Esposito, H., Waldmann, 2026)

Let g be abelian and R =1/2.
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EQUICONTINUITY

Proposition (Esposito, H., Waldmann, 2026)

Let g be abelian and R = 1/2. Then the abelian twists
exp(hr) with r € g ® g fulfil the equicontinuity condition.
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EQUICONTINUITY

Proposition (Esposito, H., Waldmann, 2026)

Let g be abelian and R = 1/2. Then the abelian twists
exp(hr) with r € g ® g fulfil the equicontinuity condition.

Proposition (Esposito, H., Waldmann, 2026)

Let g = span{H, E} with [H,E] = E and R =1. Then
the Giaquinto-Zhang twist fulfils the equicontinuity
condition.
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EQUICONTINUITY

Proposition (Esposito, H., Waldmann, 2026)

Let g be abelian and R = 1/2. Then the abelian twists
exp(hr) with r € g ® g fulfil the equicontinuity condition.

Proposition (Esposito, H., Waldmann, 2026)

Let g = span{H, E} with [H,E]=E and R=1. Then
the Giaquinto-Zhang twist fulfils the equicontinuity
condition.

More complicated Giaquinto-Zhang twist: also R =1 for
all dimensions.
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A CONCRETE REPRESENTATION

Let q q
o(H) = —z and  o(E) = e

acting on V = F(C), endowed with the compact-open
topology.
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A CONCRETE REPRESENTATION

Let q q
o(H) = —z and o(E) = e

acting on V = F(C), endowed with the compact-open
topology.

Proposition (Esposito, H., Waldmann, 2026)

We have &y(0) = H(C) and #1(0) = 761 (C) as locally
convex spaces, where #€,(C) denotes the space of entire
functions of complex analytic order at most one.
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A CONCRETE REPRESENTATION

Let

d d
o(H) = —z and o(E) = e

acting on V = F(C), endowed with the compact-open
topology.

Proposition (Esposito, H., Waldmann, 2026)

We have &y(0) = H(C) and #1(0) = 761 (C) as locally
convex spaces, where #€,(C) denotes the space of entire
functions of complex analytic order at most one.

A\

Proposition (H., Roth, Waldmann, 2022)
Matrix elements of finite dimensional representations are
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Act V: Reaching for the Stars
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WHERE DO WE GO...7

Understand the following in the analytic framework:
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WHERE DO WE GO...7

Understand the following in the analytic framework:

o Equivalence of twists: Topology?
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WHERE DO WE GO...7

Understand the following in the analytic framework:
o Equivalence of twists: Topology?

e Describe states. Do GNS construction.
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WHERE DO WE GO...7

Understand the following in the analytic framework:
o Equivalence of twists: Topology?
o Describe states. Do GNS construction.

o Relation to oscillatory integral techniques?
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WHERE DO WE GO...7

Understand the following in the analytic framework:
o Equivalence of twists: Topology?
o Describe states. Do GNS construction.
o Relation to oscillatory integral techniques?

o Left-invariant star products.
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WHERE DO WE GO...7

Understand the following in the analytic framework:
o Equivalence of twists: Topology?
o Describe states. Do GNS construction.
o Relation to oscillatory integral techniques?
o Left-invariant star products.

o Quantization of symmetries to Quantum Groups.
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WHERE DO WE GO...7

Understand the following in the analytic framework:
o Equivalence of twists: Topology?
o Describe states. Do GNS construction.
o Relation to oscillatory integral techniques?
o Left-invariant star products.
o Quantization of symmetries to Quantum Groups.

o Locally convex Lie algebras.
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This is the last slide. Take a look at the piece of paper or screen your
notes rest on. It is probably empty. On the off-chance that it is not,
the time has come to make yourself heard!
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